The QCD phase transitions are investigated in the presence of an external magnetic field in the Polyakov improved Nambu-Jona-Lasinio (PNJL) model. We detailedly analyze that how the filling of multiple Landau levels by light (up and down) quarks deforms the QCD phase structure under different magnetic fields. In particular, we concentrate on the phase transition under a magnetic field possibly reachable in the non-central heavy-ion collisions at RHIC. The numerical result shows that two first-order transitions or more complicate phase transition in the light quark sector can exist for some magnetic fields, different from the phase structure under a very strong or zero magnetic field. These phenomena are very interesting and possibly relevant to the non-central heavy-ion collision experiments with colliding energies at several A GeV as well as the equation of state of magnetars. Besides, we investigate the entropy oscillation with the increase of baryon density in a magnetic background.
I. INTRODUCTION
Over the decades, intensive investigations have been performed to explore the structure of strongly interacting matter. At high temperature and small chemical potential, the heavy-ion collision experiments indicate that the transformation from quark-gluon plasma (QGP) to hadrons is a smooth crossover [1] , which is consistent with the lattice QCD (LQCD) calculations [2] [3] [4] [5] [6] [7] . A firstorder phase transition, with a critical endpoint (CEP) connecting with the crossover transition, is predicted at large chemical potentials by some popular quark models which incorporate the symmetry of QCD (e.g., [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ). Searching for the critical endpoint is one of the primary tasks of RHIC STAR [19, 20] . The second phase of the beam energy scan (BES-II) at STAR is being performed with enhanced luminosity, focusing on the energy range √ s N N = 7.7 ∼ 20 GeV where some possible indications related to critical phenomenon were reported based on the preliminary result of BES-I [21] [22] [23] .
A more challenging question is how the properties of strongly interacting matter will be affected when an external magnetic field emerges (for recent reviews, please refer to [24] [25] [26] ). There are at least two areas related to strong interaction where magnetic field plays a very important role: magnetars and non-central heavy-ion collisions. In the core of magnetars, the magnetic field strength possibly reach 10 18 ∼ 10 20 G [27, 28] , which gives birth to a stiffer equation of state of neutron star matter and thus can support a massive compact star. In the non-central heavy-ion collisions, the intensity of magnetic field depends on the beam energy and centrality. The magnetic field, up to B = 10 19 G or eB ∼ 6m 2 π , is * These authors contributed equally to this work possibly created at RHIC [29, 30] , while up to eB ∼ 15m 2 π can possibly be reached at LHC [31] [32] [33] . In all the above situations, the magnetic field intensity can be the same order as or larger than Λ QCD scale, therefore it will definitely produce a profound effect on the QCD phase transition.
There are two main aspects in the study of strongly interacting matter under an external magnetic field related to heavy-ion collisions. One is the chiral magnetic effect (CME) [29, 34] and the related phenomena such as the chiral separation effect (CSE) [35] and the chiral magnetic wave (CMW) [36] [37] [38] . The essence of the CME is the imbalance of the chirality. The possibility that the CME can be observed in heavy-ion collisions has stimulated the exploration of strong interactions in presence of a chirality imbalance and a magnetic field [39] [40] [41] [42] [43] [44] .
The other aspect is the QCD phase transition driven by a strong magnetic field. At zero temperature, the lattice studies indicate that the chiral condensate tends to increase with the increasing magnetic field, which is knowns as magnetic catalysis (MC) [45] . It means that the magnetic field contributes to the chiral symmetry breaking. Correspondingly, it suggests that the critical temperature of chiral symmetry restoration should be enhanced for a stronger magnetic field. Later lattice calculation with the pion mass in the range 200 − 480 MeV indeed shows that the critical temperature slightly increases with the enhancement of magnetic field [46, 47] . However, when the physical pion mass m π = 145 MeV is taken, the inverse magnetic catalysis (IMC) occurs, i.e., the increase of magnetic field tends to suppress the quark condensate near the critical temperature of chiral transition, and lowers the phase transition temperature at zero chemical potential [48, 49] . The discovery of IMC effect at high temperature has motivated the improvements of the effective quark models to give a consistent result with LQCD calcualtion. Different mechanisms have been pro-posed in literatures to explore the IMC effect and QCD phase transitions ( see, e.g., [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] ).
In the present study, we are more interested in the complete QCD phase diagram under a background magnetic field. Related studies with relatively larger magnetic fields have be done in Ref. [63] and meaningful results about the phase transition in strange quark sector have been achieved. However, the phase diagram at low temperatures and densities where up and down quarks dominate strongly depends on the magnetic field intensity. How the QCD phase structure changes from small to large magnetic fields needs to be explored. We herein will focus on the QCD phase structure under relatively smaller magnetic field. In particular, we will detailedly analyze the relation between the deformed firstorder transition and the filling of Landau levels by up and down quarks. In addition, we will study the entropy oscillation with the increasing baryon density under an external magnetic field. The study is in some degree relevant to the non-central collisions at STAR where relatively smaller magnetic field can be generated.
The paper is organized as follows. In Sec. II, we introduce the thermodynamics of quark matter in the presence of an external magnetic field within the 2+1 flavor PNJL quark model. In Sec. III, we illustrate the numerical results of the deformed QCD phase structure under different magnetic fields, and discuss the influence of the filling of Landau levels on the phase transition as well as the entropy oscillation along baryon density. A summary is finally given in Sec. IV.
II. THERMODYNAMICS OF MAGNETIZED QUARK MATTER
We first briefly introduce the thermodynamics of magnetized quark matter in the 2+1 flavor PNJL model. In the presence of an external magnetic field, the Lagrangian density takes the form,
where q denotes the quark fields with three flavors, u, d, and s; the current massm 0 = diag(m u , m d , m s ) and the quark chemical potentialμ = diag(µ u , µ d , µ s ) in flavor space; G and K are the four-point and six-point interacting constants, respectively. The covariant derivative is defined as 
where β = 1/T is the inverse of temperature and A 4 = iA 0 . The Polyakov-loop effective potential in present study takes the form
where a(T ) = a 0 + a 1 (
The parameters a 0 = 3.51, a 1 = −2.47, a 3 = 15.2, and b 3 = −1.75 were derived in [64] by fitting the thermodynamics of pure gauge sector in LQCD. T 0 = 210 MeV is implemented when fermion fields are included
In the mean field approximation, the thermodynamical potential of magnetized quark matter can be derived as [43] 
where
and
In Eq. 5,
, (6) and
). (7) The quasi-particle energy is
where n (= 0, 1, 2, ...) represents the nth Landau level (LL).
To deal with the divergence in the vaccum part Ω 0 f , we take a smooth cutoff regularization procedure introduced in [65] . A form factor f Λ (p f ) multiplying the integral kernel of Ω 0 f is taken to avoid cutoff artifact, thus we have
N = 10 is chosen in the numerical calculation. One can see that f Λ (p) is reduced to the sharp cutoff function θ(Λ − |p|) in the N → ∞ limit. Since the thermal part of Ω T f is not divergent, it is unnecessary to introduce a regularization function.
In fact, the original PNJL model with a background magnetic field can not describe well the IMC effect derived in LQCD. To solve this problem, a magnetic field dependent coupling constant for four-fermion interaction is proposed in Ref. [63] . The coupling takes the form
where ζ = We will take such a magnetic field dependent coupling in the present study.
Other thermodynamic quantities relevant to the bulk properties of magnetized quark matter can be obtained from Ω. We take the model parameters obtained in [66] : 
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we demonstrate the numerical results of the deformed QCD phase diagram in the presence of an external magnetic field, and discuss its relation with Landau quantization. We mainly concentrate on the firstorder transition region at finite temperature.
A. Deformed ρ B − µ B curves under magnetic field
To illustrate how the magnetic field strength affect the first-order transition, we present, in Fig. 1 , the ρ B −µ B relations at different temperatures with eB = 0, 0.05, 0.155, and 0.4 GeV 2 , respectively. The upper panel shows that, at T = 100 MeV, the ρ B − µ B curve for each eB has one single spinodal structure, which is a typical characteristic of a first-order transition. But with the decrease of temperature, the ρ B − µ B curves become more and more complicated, as shown in the middle and lower panels. Particularly, multiple inflections appear for relatively smaller magnetic field at low temperatures.
The complicated twist in the ρ B − µ B curves at low temperatures are closely related to the Landau quantization. The filling of multiple Landau levels should be responsible for the number and locations where the inflection points appear in the ρ B − µ B curve. To see this clearly, we start analysis from the quark number density. For each quark flavor f , the number density can be derived as
where ρ f,n is the number density of the nth Landau level. Specifically,
(15) In the following, we will take T = 5 MeV and eB = 0.05 GeV 2 as an example to discuss the relation between ρ B − µ B curve and the filling of Landau levels. The curve of ρ f,n for each Landau level as a function of ρ B is plotted in Fig. 2 . In this and all subsequent figures, LL0 means the lowest Landau level, LL1 is the first Landau level, LL2 is the second, and so forth. The upper and lower panels in Fig. 2 respectively illustrate the number density of different Landau levels of up and down quarks. In the density region of 0 < ρ B ≤ 8ρ 0 , the lowest four Landau levels for u quarks are sequentially occupied as the baryon density increases, and the lowest eight Landau levels are occupied for d quarks. The corresponding ρ B − µ B curve is demonstrated in Fig. 3 . The thresholds of different Landau levels are marked with the horizontal lines. The subscript n of u n and d n in Fig. 3 means the nth Landau level of u (d) quark. A horizontal line marked with two Landau levels, such as u 2 and d 4 , means that the two Landau levels are filled (almost) at the same baryon density. It can be seen that when quarks fill a new Landau level a twist will appear in the ρ B − µ B curve. The twist induced by the Landau level is more distinct at small baryon density. Besides, the zigzag at ρ B > 6ρ 0 results from the strange quark filling the new Landau levels. Therefore, the multiple Landau levels are responsible for the twisted ρ B −µ B relations when the magnetic field is considered.
Since Φ ≈Φ ≈ 0 at low temperature, the contribution from gauge field can be approximately neglected, so we have Landau level, the condition becomes M f = µ f . For a large magnetic field, the isospin symmetry is clearly broken since q u = q d . For example, M u = 431 MeV and M d =400 MeV are derived for eB = 0.4 GeV 2 at zero density for T=5 MeV. Therefore the threshold of ρ u,0 will be larger than that of ρ d,0 , as shown in Fig. 4 . This figure also shows that ρ d,0 decreases with the onset of ρ u,0 . Correspondingly, we can understand that the small zigzag at low density in the ρ B −µ B curve of eB = 0.4 GeV 2 in the lower panel of Fig. 1 is induced by that u quark begins to occupy the lowest Landau energy (LL0).
Eq. (16) also indicates that the maximum n of the filled Landau level satisfies n max =Floor(
It is inversely proportional to the quark charge q f and the magnetic field strength eB, which is also indicated by the numerical results in Figs. 1 and 2 . At high density (large chemical potential), the dynamic quark mass M f approaches the current quark mass after chiral symmetry restoration. Since a u quark is charged 2/3 and a d quark is charged −1/3, when u quarks fill one Landau level d quarks will fill two.
B. Entropy oscillation with the increase of density
Many studies have involved the de Haas-van Alphen effect of magnetized matter, a phenomenon related to the filling of Landau levels, in which a physical quantity oscillates as a function of magnetic field intensity [67] [68] [69] [70] . In this subsection, we discuss the entropy oscillation as a function of baryon number density. Considering the contribution of each Landau level to the total entropy density, we can decompose the total entropy density before the appearance of strange quarks as (contribution from gauge sector is neglected at low temperature)
(17) Fig. 6 illustrates the curves of s f,n with the increase of baryon density. It shows that each s f,n varies nonmonotonically as the density increases. The location of the peak of each s f,n corresponds to the density where dρ f,n /dρ B takes the maximum value. This can be seen by comparing Figs. 6 with 7. Fig. 7 describes the derivative of ρ f,n respect to ρ B . It shows that dρ f,n /dρ B has also several minima at the locations where dρ u,n ′ /dρ B or dρ d,n ′ /dρ B of the subsequent Landau levels take maxima. This can be under- stood from the following relation (before strange quarks appear at high density)
For a fixed ρ B , any two dρ f,n /dρ B with different f or n are in a competitive relationship. The growth of one side must be accompanied by the decrease of the other side.
In Fig. 8 , we present the entropy per baryon (s/ρ B ) as functions of density for eB = 0, 0.05, 0.155, and 0.4 GeV 2 , respectively. It can be seen that, for a smaller magnetic field such as eB = 0.05 GeV 2 , the frequent oscillations occur because more Landau levels are filled. The oscillations take place around the curve of s/ρ B for eB = 0. The oscillation frequency decreases with the enhancement of magnetic field strength. Furthermore, the numerical analysis indicates that each valley in the s/ρ B curves corresponds to the threshold of a new Landau level, and each peak corresponds to the global maximum of dρ f,n /dρ B for a Landau level.
C.
Magnetic field dependence of QCD phase structure
In this subsection, we analyze the magnetic field dependence of the QCD phase diagram, in particular the deformation of the first-order phase transition.
We first discuss the first-order transition under different magnetic field intensity for a fixed temperature T = 5 MeV. The ρ B − µ B curves without (eB = 0) and with an external magnetic field for eB = 0.155 and 0.4 GeV 2 are plotted in Fig. 9 . For the case of zero magnetic field, the first-order transition occurs at ρ A and ρ D . The two regions of A-B and C-D are the metastable phases, in which nucleation and bubble formation possibly occur. The region of B-C is the mechanically unstable phase because of ∂p/∂ρ < 0, which is known as the spinodal region. When the bulk uniform matter enters into this region, a small fluctuation in density will lead to phase separation via the spinodal decomposition. Generally, for an equilibrium transition, the unstable phase can not be observed. But it is difficult to estimate the role it plays on observables such as the particle fluctuations in a rapid expanding system.
For eB = 0.155 GeV 2 , the phase structure is quite different with that of zero magnetic field. Two firstorder phase transitions, from A to D and from E to H, take place. The locations of the two transitions are determined according to the conditions for phase equilibrium: T A = T D , µ A = µ D and P A = P D as well as T E = T H , µ E = µ H and P E = P H . Moreover, between the two first-order transitions, a stable phase of the magnetized matter exists in the region of D-E. Such a special phase structure is driven by the Landau quantization with the filling of different Landau levels by quarks.
With the increase of magnetic field intensity, for example eB = 0.4 GeV 2 , the right panel of Fig. 9 shows that the first-order transition occur at ρ A and ρ D , similar with the case of eB = 0. However, there exists a region marked as O-P -Q-R, which has a ρ B − µ B structure opposite to a standard first-order transition. At the locations O and R, the conditions for two phase equilibrium are fulfilled, but it is not a first-order transition because O and R lie in the unstable phase. On the other hand, bulk matter in the interval of P -Q are metastable, which can not be observed for an equilibrium transition, since the phase transition from ρ D to ρ A will first take place.
The dynamical mass of u quark as functions of baryon chemical potential are illustrated in Fig. 10 It can be seen that M u in the chiral breaking phase increases with the enhancement of magnetic field intensity, which reflects the magnetic catalysis effect at low temperature. It is consistent with LQCD calculation [45] . The solid dots with the same color on M u − µ B curves indicate the locations where the first-order transition takes place. The circles on the curve of eB = 0.4 GeV 2 does not mean a first-order transition although the conditions for phase equilibrium are fulfilled. The curves of eB = 0.155 GeV 2 indicates that two first-order transition can take place. Similar phenomenon was discovered at zero temperature [71] [72] [73] . The complete phase diagram of the chiral phase transition is demonstrated in Fig. 11 . For the first-order transition at low temperatures, the associated metastable and unstable regions are also included. This figure distinctly illustrates the deformed QCD phase structures driven by magnetic field with different field intensity. When the external magnetic field is larger than eB = 0.4 GeV 2 , the magnetized quark matter has a similar phase structure to eB = 0.4 GeV 2 . Two first-order transitions exist in the vicinity of eB = 0.155 GeV 2 . For a smaller magnetic field such as eB = 0.05 GeV 2 , more Landau levels will be occupied and the corresponding phase diagram is more complicated, as shown in Fig. 3 .
The phase diagrams including the contribution of strange quark at high density (large chemical potential) are illustrated in Figs. 12 and 13. Compared with the phase structure without an external magnetic field, the two figures indicate that the first-order transitions in the strange quark sector can also be induced by Landau quantization when s quarks fill the different Landau levels. The locations where the first-order transitions take place depend on the magnetic field intensity. One can also refer to [63] for the related discussion about the firstorder transition in strange quark sector.
In this study, we find the phase structure of strongly interacting matter under an external magnetic field highly depends on the field intensity. Experimently, the highdensity region can possibly be reached in future heavy-ion collisions at RHIC, NICA and FAIR. At the same time, the magnetic field with eB 0.155 GeV 2 can possibly be created in the non-central collisions, therefore, the multi-first-order transitions or more complicated phase structure of light quarks may give birth to some observable effects in the beam energy scan with relatively lower collision energies. 
IV. SUMMARY
In this study, we investigated the chiral phase transition in the presence of an external magnetic field in the improved PNJL model. The calculations show that the phase structure of magnetized quark matter strongly depends on the intensity of magnetic field. Different from the first-order phase transition without a magnetic field, two first-order transitions or more complicated phase transition in the light quark sector can occur for eB 0.155 GeV 2 . The study also indicates that the deformation of the phase structure under an external magnetic field is attributed to the Landau quantization with the filling of different Landau levels. Generally, for a relatively smaller magnetic field, more Landau levels will be filled which leads to a twisted ρ B − µ B relation and then produce a complicated phase structure.
We also found that the distribution of quarks at multiple Landau levels causes the entropy density oscillation due to the Landau quantization. The numerical results indicate that the entropy density as well as the entropy per baryon begin to increase at the threshold of a new Landau level. Each peak of the entropy density (entropy per baryon) corresponds to a maximum value of ∂ρ f,n /∂ρ B of a Landau level.
If the high-density quark matter and eB ∼ 0.155 GeV 2 could be created in the non-central heavy-ion collisions, some signals different from the standard first-order transition may manifest in future experiments. However, it is difficult in measurements due to the decay of magnetic field in the expansion. More simulations are needed to catch the relevant signatures. This study is also referential to investigate the magnetized neutron star matter with a quark core or a magnetized quark star.
